JOURNAL OF
PURE AND
APPLIED ALGEBRA

ELSEVIER Journal of Pure and Applied Algebra 130 (1998) 1-48

Tensor product representations for orthosymplectic
Lie superalgebras

Georgia Benkart®*!, Chanyoung Lee Shader®?, Arun Ram®?

3 Department of Mathematics, University of Wisconsin, Madison, W1 53706, USA
Y Department of Mathematics, University of Wyoming, Laramie, WY 82071, USA
¢ Department of Mathematics, University of Sydney, NSW 2006, Australia

Communicated by P.J. Freyd; received 20 January 1996

Abstract

We derive a general result about commuting actions on certain objects in braided rigid
monoidal categories. This enables us to define an action of the Brauer algebra on the tensor
space ¥ which commutes with the action of the orthosymplectic Lie superalgebra spo(¥)
and the orthosymplectic Lie color algebra spo(¥, f). We use the Brauer algebra action to com-
pute maximal vectors in ¥® and to decompose V®* into a direct sum of submodules T*. We
compute the characters of the modules T *  give a combinatorial description of these charac-
ters in terms of tableaux, and model the decomposition of ¥®* into the submodules T* with
a Robinson-Schensted—Knuth-type insertion scheme. (© 1998 Elsevier Science B.V. All rights
reserved.
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0. Introduction
0.1. Summary of results

In this paper we show that there are orthosymplectic Lie superalgebra and orthosym-
plectic Lie color algebra analogues of the results developed by Berele and Regev [6]
and Sergeev [45] for general linear Lie superalgebras. Our work corresponds in the
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superalgebra and color algebra setting to what Brauer did in [9] by extending to or-

thogonal and symplectic groups Schur’s classical results for general linear groups.

In his thesis [42] and a subsequent paper [43] Schur proved that the action of
the symmetric group S; on tensor space V% by place permutations determines the
centralizer of the action of the general linear group GL(¥) on V®*. This result, often
called Schur—Weyl duality, relates in a very fundamental way the representation theory
and combinatorics of the groups S; and GL(V'). The orthogonal group O(V') also acts
on ¥®* and Brauer [9] constructed an algebra, now referred to as the Brauer algebra,
which commutes with the O(¥ )-action on tensor space. When V' is even-dimensional,
the symplectic group Sp(¥) also has an action on V®* and its centralizer can be
described using the Brauer algebra.

Berele and Regev [6] and Sergeev [45] have shown that the action of the sym-
metric group S; on V®* by “graded” place permutations determines the centralizer
of the general linear Lie superalgebra when V is Z,-graded, and they have exploited
this action to study certain modules for the superalgebra and their characters. Fis-
chman and Montgomery [13] have generalized the work of [6] and [45] to cotrian-
gular Hopf algebras which arise from enveloping aigebras of general linear Lie color
algebras.

Our intent is to establish an orthosymplectic version of this theory. In particular, we

(i) show there is a Brauer algebra action on ¥®F which commutes with the ortho-
symplectic Lie color algebra spo(V,f), (the orthosymplectic Lie superalgebra
spo( V' )-action is just a special case);

(ii) use the Brauer algebra to construct a family of maximal vectors for spo(¥, ) in
the tensor space (Theorem 3.9);

(iii) obtain from the Brauer algebra action a direct sum decomposition of ¥®* into
spo(¥, B)-submodules T* naturally indexed by partitions A;

(iv) use the character theory of the Brauer algebra to compute the characters of the
spo(V, f)-modules 77 and to give a combinatorial description of these characters
in terms of tableaux;

(v) develop an insertion scheme for the tableaux which models the decomposition of
the tensor space into the modules 7.

0.2. Remarks on the results in this paper

(a) To our knowledge, orthosymplectic Lie color algebras were first introduced in [3],
which discusses the Brauer algebra action, but does not prove that this action commutes
with spo(¥, ). The notion of an orthosymplectic Lie color algebra allows us to give
a uniform proof that the Brauer algebra action on tensor space commutes with the
action of the orthogonal group (Lie algebra), the symplectic group (Lie algebra), the
orthosymplectic Lie superalgebra as well as more general group graded orthosymplectic
algebras. As we discuss in Section 1, orthosymplectic Lie color algebras have a natural
root space decomposition and a triangular decomposition which are exactly analogous
to the Lie superalgebra case. The derivation of the maximal vectors which we give
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in Section 3 extends the work in [4] where maximal vectors are computed for the
classical case of the orthogonal and symplectic Lie algebras.

(b) The action of the Brauer algebra arises naturally from the structure of the cat-
egory of finite-dimensional modules for Lie color algebras. As we show in Section 2,
braided monoidal categories provide a convenient framework for developing the results
on commuting actions. Our arguments in Section 2 will apply to give a centralizing
action of an algebra (in general it may be not be a Brauer algebra) on tensor space
for any kind of “Lie-like” algebra or quantum group for which the category of fi-
nite dimensional modules has a braided monoidal structure and a special isomorphism
between ¥ and V'*. Thus, for example, one can modify our Section 2 with very mi-
nor changes to obtain an action of the Birman—Wenzl-Murakami algebra centralizing
the appropriate quantum analogue of spo(V, ). The idea is essentially the same as
that used by Reshetikhin—~Turaev [39], in particular, see for example [10, Theorem
5.3.8]. It shares similarities with the methods that Fischman and Montgomery [13] ap-
ply to get their symmetric group action, except that we have chosen to work with the
structure on the category of modules rather than with the Hopf algebra structure as
they do.

(c) Berele and Regev [6] give a very interesting combinatorial description of the
characters of the gl(m/n)-modules which appear in the tensor space V& (V=1 &
Wi,dim ¥, =m,and dim V] =n) by describing them as hybrid Schur functions involving
tableaux which have a column-strict part and a row-strict part. In a similar fashion
we give a combinatorial description of the character of the module T “ as a hybrid
symplectic-ordinary Schur function given by tableaux which have a symplectic part and
a row-strict part. The symplectic part is a symplectic tableau of the kind introduced by
King (see, for example, [23]) to index basis elements for irreducible representations of
symplectic groups.

(d) The modules T* are the same as the ones considered by Bars and Balantekin
in [1, 2]. They give Jacobi-Trudi-type character formulas, but they do not derive the
tableaux description that we give here. Bars and Balentekin seem to indicate that the
modules T* are irreducible, but this is not clear to us, either from their work or from
ours. In fact, King in personal communication has told us that he has found explicit
examples of T# which are not irreducible.

(e) There has been other work, notably [11, 12, 27, 28], which describes how to
index representations of the Lie superalgebra spo(}') by partitions, but none of these
papers has given an interpretation for their characters in terms of tableaux. The main
ingredient in developing the tableaux description is the identity in Theorem 4.24(h). A
very similar version of this identity (Theorem 4.24(i)) appears in [11]. This identity
could be used in combination with the work of Sundaram [47] to give another combi-
natorial interpretation for these characters. See [22] for a survey of the use of tableaux
in the study of representations of Lie superalgebras.

(f) There is an extensive literature of papers by Bernstein and Leites [7, 29, 30],
Kac [18, 19], van der Jeugt et al. [15-17], Penkov and Serganova [34-37, 44], Kac and
Wakimoto [20], and others which studies representations of Lie superalgebras using Lie
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theoretic and geometric methods. These approaches also yield character formulas, the
most general of which is the Weyl-Kac character formula. We have not made any effort
to understand our character formulas in this other setting, although the formulas must
be equal in many cases. Even for the superalgebra gl(m/n), the connection between
the results of [6] and [45], the Sergeev—Pragacz character formula, and the Weyl-Kac
character formula needs to be better understood. King and others have done some
work in this direction (see [22]). The relationship between the centralizer approach to
the representation theory of Lie superalgebras and the approach via Kac modules and
typical weights also needs to be better explained.

(2) In our work we have not included proofs of the analogue of Schur-Weyl duality,
i.e. we have not shown that the actions of the Brauer algebra and the Lie color algebra
spo(¥, B) each generate the full centralizer of the action of the other. Let us make just
a few remarks on this point.

(1) In the general linear-symmetric group case of [6, 13, 45] one can get away
with proving only half of the duality and using the semisimplicity of the group
algebra of the symmetric group CS; to obtain the other half for free. This is not
possible in the orthosymplectic Brauer algebra case since the Brauer algebra is
not necessarily semisimple.

(ii) The usual trick for proving that the general linear Lie algebra gl(}') generates
the full centralizer of the symmetric group action uses the idempotent ) .. &
(which corresponds to the trivial S;-character) to construct a projection map
onto the gl(¥)-invariants. Unfortunately, this is not available in the Brauer
algebra case since the Brauer algebra does not have a one-dimensional module
which affords invariants.

(ili) We have succeeded in establishing various parts of both halves of the duality in
our orthosymplectic-Brauer algebra setting but have chosen not to include these
results in this paper. Optimally what one would like is a proof of the duality
which handles all the cases simultaneously rather than arguing separately for
the orthogonal group, then the symplectic group, then the orthosymplectic Lie
superalgebras, then the quantum orthogonal group, etc.

0.3. Open problems

(1) The relationship between the centralizer approach to the representation theory
of Lie superalgebras and the approach using Kac modules and typical-atypical weights
needs to be better understood. To our knowledge this i1s only partially done even for
the gl(m/n) case [15-17], and it is not known how to verify directly that the Weyl-
Kac character formula for typical representations and the Pragacz-Sergeev character
formula for gl{(m/n)-irreducible modules in tensor space are equal. Here we have not
made any attempt to relate our results to the Weyl-Kac formula, although this should
be done sometime in the future.

(2) In determining the characters of the modules 7%, we have shown that they are
equal to polynomials sc,,(xl,xl"‘,..‘,x,,x:‘,yl,y,",...,ys,ys", 1) which appear as the
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coefficients of the Schur functions s,(zi,...,2,45) in the identity

Hr+s(l+ZJ)HrHH: }(l+y121)(1+y1 )
H (1 _Zizj) r+s
1<i<j<rts H Hz (I =xiz; (1 —x; ZJ)

= Z Scu(xlaxl_l"-'axr)xr_ ,J’I, yl_ly"'syS’y;I’ l)S/l(Z],...,Zr+S). (01)

There are two classical identities of Littlewood [31] and Weyl [49] for the characters
spy of the symplectic group Sp(2r) and the characters so, of the orthogonal groups
SO(2s + 1):

H (I—Z,'Zj) r 7 1

1<i<j<r Hj:l Hi=l(1 —xizj)(l _xflzj)
=Y spulrr,x s xn % sz, 2, 0.2)
1
11 (1~z,z,)1'[(1+z,>H H(1+y,z,)(1+y, z)
1<i<j<s J=1 i=l
= Z SOp’(J’l,yl_ a""yhys_ ,1)S#(Z],...,ZS), (03)

u

where 4’ is the conjugate of the partition p. When the orthogonal portion is zero,
i.e. s=0 and the variable 1 is not present, identity (0.1) gives the classical result in
(0.2), and when the symplectic part is zero, i.e. r =0, identity (0.1) reduces to (0.3).
Is there a combinatorial interpretation for the functions sc, which expresses sc, as
a hybrid object built from symplectic and orthogonal characters? Our combinatorial
description of sc, is as a mixed symplectic-general linear character rather than as a
hybrid symplectic-orthogonal character.
(3) Find a general Schur—Weyl duality result, see remark (g) above.

1. Lie color algebras and spo(V, f)

1.1. Lie color algebras

Let k denote a field of characteristic zero (this assumption could be relaxed, but for
convenience we stay in characteristic 0). Let G be a finite abelian group with identity
lg. A symmetric bicharacter on G is a map f:G x G — x* into the multiplicative
group of the field such that

(1) Bab,c)=B(a,c)B(b,c),

(2) B(a,bc)=P(a,b)B(a,c), and

(3) B(a,b)B(b,a)=1, for all a,bcG.

Taking a = 1¢ in the first relation and b= 15 in the second shows that B(lg,c)=1=
f(a, lg) for all a,ceG.
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A k-vector space V is G-graded if it is the direct sum V' =@&D,., Va of subspaces
indexed by the elements of G. If vV, for some a € G, then v is homogeneous of
degree a.

Assume f3 is a fixed symmetric bicharacter on a group G. A Lie color algebra
(9, G, B) is a G-graded vector space g =P, 9, With a x-bilinear bracket [,]:gxg—g
such that

(1) 845951 € 84, for all a,b€G,

(2) [x, ¥] = —B(b,a)y,x], for x € g,, ¥ € g, and

(3) [x, [y.z]l=Ilx, 1.2} + B(b,a)ly,[x,2]], for xEg,, y€g,, and all z€g.

When the group is the cyclic group G={£1} ={(—1)?|a=0,1} of order 2 and
BU(=1)%,(=1)?) =(—=1)%, then g is a Lie superalgebra. In this case it is customary to
regard the grading as by the additive group of the field Z, ={0,1}, g=g, % g,, with
B(a,b)=(—1)% for a,b€ Z,.

Remark 1.1. Since the bicharacter f§ for a Lie color algebra is symmetric, f(a~',a)=
B(a,a)~" = B(a,a)==%1. Thus g =gy, P g(;,, where

Y0y = @ 9, and gy, = @ 95
a, f(a,a)=1 a, f(a,a)=—1
One shows easily that S(ab,ab)= f(a,a)B(b,b), which implies the map a — fB(a,a) €
{#£1} is a homomorphism. It follows that the multiplication in =900y D 9 18 Z2-
graded, but still g may not be a Lie superalgebra.

1.2. The category of finite-dimensional modules for a Lie color algebra

Let g be a Lie color algebra. A g-module is G-graded vector space V =&, V.
with a g-action g® V' — V, x ® v — xv such that

(1) if x€gq, and ve ¥}, then xv €V,

(2) [x, ylo=x(yv) — B(b,a)y(xv), for all x€g, y<€gq, and all veV. A g-module
morphism from a g-module M to a g-module N is a x-linear map ¢ : M — N such that

(1) ¢(M,)CN, for all a€ G, and

(2) ¢(xm)=x¢(m) for all xeg and all mec M.
If M and N are g-modules, then the tensor product M @ N is a g-module with

(1) G-grading given by (M ®N).=&D,,_. M, &N, and
(2) g-action defined by
x(m@n)y=xm@n+ f(b,a)(m@xn), (1.2)

forallxcg,, mcMy,andneN.If f:M — U and g: N — V are g-module morphisms,
then

f®g:MaN - URY,
m@n — f(m)©g(n)

is a g-module morphism.



G. Benkart et al. | Journal of Pure and Applied Algebra 130 (1998) 148 7

The braiding morphisms are the g-module isomorphisms defined by
Ryn:M@N -N@M,
m@nw— B(b,a)n®@m (1.3)

for all meM,, ne Nj.

The trivial g-module is the one-dimensional k-vector space 1=k with grading
1=1,, and g-action defined by xv=0 for all x€g and all v€1. The dual of a
g-module M is the vector space M™* =Hom,(M, k) with

(1) G-grading given by (M™),={feM*| f(M;)=0 if b#a~'}, and

(2) g-action given by

(xf)(m)=—p(b,a)f(xm), (1.4)

for all xeg,, f€(M™*), and meM.

It follows easily by direct verification that the category of finite dimensional
g-modules with the above constructions satisfies the definitions and axioms of a braided
rigid monoidal category (see [10, Section 5.2B]). Although we phrase our results in
this section and the next in the language of braided monoidal categories, the reader
need not know anything about braided monoidal categories beyond the above standard
constructions of modules. To summarize, we have

Proposition 1.5. Let (g,G, 8) be a Lie color algebra. Then with the above construc-
tions the category of finite-dimensional g-modules is a braided strict rigid monoidal
category.

1.3. The general linear Lie color algebra gl(V, )

Let G be a finite abelian group with symmetric bicharacter 8. Assume V=@ . Va
is a G-graded x-vector space. Let gl(¥,8)=End(V) denote the kx-vector space of
k-linear maps from ¥V to V with the G-grading assigned by

agl(V, B)a={x € End(V)|xV; C ¥V, for all b€ G}
and with the bracket
[x, y]=xy — B(b,a)yx
for all x € gI(V, B)a, ¥ € gl(V, ). Then gl(V, B) =P, ol(V, B)a With this bracket is

a Lie color algebra, the so-called general linear Lie color algebra.

1.4. The orthosymplectic Lie color algebra spo(V,f)

A B-skew-symmetric bilinear form is a k-bilinear map (,): ¥V x V — k such that
(1) the form (,) on V is nondegenerate,

) (Vo V) =0 if a#b~", and

(3) (v,w)==B(b,a)(w,v), for all veV,, we .
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For each a € G, define

{(xu,v) + p(b,a){u,xv) =0,
for all uc ¥, and vV '

spo(V, fla = {x €gl(¥, B)a

Then the orthosymplectic Lie color algebra is the Lie color subalgebra

spo(V, )= @ spo(V, Ba
acG

of the Lie color algebra gl(V, f).
In a similar fashion to Remark 1.1 we define

Vo= @B Vo ad K= D W
a, B(a,a)=1 a, f{a,a)=-1

The form (,) when restricted to V) is skew-symmetric and to ¥, is symmetric.
In this way ¥V is a Z;-graded vector space with a supersymmetric form. Necessarily
dim Vo) is even, and so throughout this paper we shall fix

dim Voy=m=2r and dim};y=n=2s or 25+ I.

Remark 1.6. If V};;=(0) and B(a,b)=1 for all a,b€ G, then spo(¥,f) is just the
symplectic Lie algebra sp(¥g)) with a G-grading. On the other hand, if ¥, =(0) and
B is such that

(1) B(b,a)=~1 for all a,b with f(a,a)=B(b,b)=—1, and

(ii) p(b,a)=1 for all a,b such that f(a,a)=1 and B(b,b)=—1,
then f(b,a)=1, for all a,b such that f(a,a)=1=f(b,b), and spo(V,f) is the or-
thogonal Lie algebra so(¥(;)) with a G-grading. In this way the color algebra approach
allows us to treat simuitaneously the orthogonal and symplectic Lie algebras, the or-
thosymplectic Lie superalgebra (when G =Z,), and all the other orthosymplectic color
algebras as well.

Remark 1.7. It is convenient in what follows to adopt the convention that B(u,x)=
B(a,b) and P(u,v)=f(a,b) whenever uc ¥, vec¥, and x<gi(V,B), are nonzero.
When notation such as S(u,x) or f(u,v) is used, it is tacitly assumed that the ele-
ments are homogenous.

We assume that the form (,) (or the field «) is such that there exist homogeneous
bases

Bo={t.5{,0,85,.. .1, 8} },
By = {ug,uf ua,uy, .. ug,ut, (use1)}, (1.8)
and

B=ByUB,,
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of Vo), 1), and ¥V, respectively, such that
(v,w)=(0*,w*)=0 and (v,w*)=—BW" v)(W*,0) =3y,

for all v,we {#),t2,..., 4, u1,42,. .., U5, (Us+1)}. It is to be understood that u,,, occurs
only when n=2s+1 and in that case 4], =u,.. We extend the definition of x so that
()" =t; and (u])* =u; for all 1 <i<r and all 1<;j<s. Note if v€B and veV,,
then v* € V1.
The matrix of the form (,) relative to the basis B is the matrix Fp=(Fpp )b pcB
with F, ,» = (b,b"). More explicitly,
Fr =1, Fp,=-1, F, =1, Fu;,,,j =1, (1.9a)

i

fori=1,...,r,and j=1,2,...,5,(s+1), and Fpy =0 for all other pairs b,5" € B. The
inverse of the matrix Fp is the matrix FB_1 =(F,, 1) with

-1, F:L =1, F''.=1, Fi' =1, (1.9b)
7 Ji

fori=1,...,r,and j=1,2,...,5,(s + 1), and Fl:,}, =0 for all other pairs b,b’ € B.

1.5. Roots and root vectors in spo(V, )

The choice of the basis B of ¥ in (1.8) affords a realization of the elements of
al(¥, B) and spo(V, B) as matrices. The matrix units E, ,,, defined by E, ,,y = 6,,,.v for
v,w, y € B, determine a homogeneous basis of gl(¥, B) with E, ,, € gl(V, B)—1 when-
ever veV, and we V.

For x € gl(V, B) to belong to spo(¥, B) the relation (xv,w)+ B(v,x){v,xw) =0 must
hold, and that translates to the matrix equation

vix Fgw + B(v,x)v' Fgxw =0,
where “t” denotes the usual matrix transpose. When v, w € B, that equation reduces to
(Yo, For o+ B0, %) Fyy e X o0 = 0,
or equivalently to
Xppe oo Fe o & BO*, %) Fye p000 =0,
after replacing v with v*. Using the fact that F. , = —f(v, v*)F, ,~ we see that
Fy s Xy» or = —B(v, v)B(w, W)B(U*’x)Ez,v*xu,w

must hold for all v,w € B. Therefore, whenever v,w € {¢1,..., 4, U1, ..., us, (Us+1)}, then
Xy oo = —P (0, V)B(w, w)B(v*,x)x, w. For such v,w, it follows that E,,, — B(b,b)(a, b)
E,~,~ belongs to spo(¥, B)g-1 if vEV, and w € V}. In particular, the elements

hy=Ey,,—Ep = 0E{ti,..., b Uy, .. U} (1.10)
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belong to spo(¥, f)1,, and they span the space b of diagonal matrices in spo(¥, f8).
Now

g= @ g* where g" = {x€g|[hx]=a(h)x for all hcb}.
zeb*

The set A= {xeh*|g*#(0)} is the set of roots of g=spo(V,f) relative to h. We
define

d,={a€d|g*Ng,#(0)} foreachaeG

and

Ao = U A, 4, = U A,.

a, Ba,a)=1 a,B(a,a)=—1
Let {&,} be the dual basis in §* given by
es(hy) =0y forall v,we{t,... t,u,...,u},

and set ¢, ,=0. Since E,,.Ey.» €GUV, ) if vEV,, weV,, v,weB, the
elements

Ev,w - ﬂ(W,W)ﬂ(U,W)Ew‘t’U*, v,we {tla‘ s les Ul oy Ugy (us+l )}3 U#W7
EU*’W+'B(U,U),B(W,W)B(U*,W)va’v, U,WG{t[,...,tr,ul,--.,us},

where v£w if v,we {u),...,u},
Ey +B(v*,w)Ew,v*, vwe{t, . .ttty U},

where v#w if v,we {uy,...,u}, (1.11)

along with the elements 4, in (1.10) form a homogeneous basis of g =spo(¥, B). The
elements in (1.11) are in the root spaces g *,g~ %% and g%*®, respectively. Thus,
dim(g*)=1 for all a € A.
As a shorthand set ¢;=¢, and 6, =¢,, for 1 <i<rand 1 <j <s. Then the roots
for spo(V, ) have the following expressions in terms of the &;’s and 6;’s:
(1) When n=25+1,
Aoz{ﬂ:(Siﬂ:Sj),:i:ZI-Ii,:i:(ék ﬂ:él),iék ’ 1 S l?éj <r, 1 S k;éf SS},
Ay ={te, (e £0) |1 <i<r, 1 <j<sh
(i) When n=2s,

Ag={L(e; L&) 2, (G £0,) [ 1 <i#j<r, 1 <k#¢ <5},
Ar={$(e+ )1 <i<r 1 <j<s},
which are exactly the same as the corresponding sets of even and odd roots for the

simple Lie superalgebra spo(¥") which appears in the classical Lie superalgebra theory;
see [19].
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If the simple roots are selected to be

o =& — &1, 1 <i<r—1, A =0 —0jp, 1<j<s—1,
& if n=1, O ifn=2s+1,
& = . Apts = .
¢, — 01 otherwise, Os_1 + 0, if n=2s,

then all the simple roots except «, belong to 4o. Every root x € 4 is a nonnegative or
nonpositive integral combination of the simple roots. Accordingly we write & > 0 or
a < 0. Define elements x; € g%, 1 <i < r+s, to be the basis elements in (1.11) given
by

xi = Ep _ﬁ(tistiJrl)Et:'H.tl*a 1<i<r—1,
Xp = Et i + Bt u)Eu; iz
Xrij = By + B w1 )Ey s 1< <51,
By + Bltsyths 1) Bz, wr i n=2s+1,
res = { Ey o+ B VB, e if n=2s. (1.12)
Then
g=g_Ddbdg, where g_:@g“ and g+:@g°‘. (1.13)
2<0 a>0

The subalgebra g, in (1.13) is generated by the root vectors x;, 1 <i<r+s.

2. The Brauer algebra action on tensor space
2.1. The unfolding map

A 2k-one-factor is a graph with one row of 2k vertices and k edges such that
each vertex is incident to precisely one edge. We draw one-factors so that the edges
travel above the row of vertices and denote the set of 2k-one-factors by (.
We assume that the vertices are numbered 1 to 2k from left to right and often rep-
resent a one-factor f € Uy as a sequence of pairs f=((£1,71),(£2,72)s-- s (£is¥ic))s
where /;,r; € {1,...,2k} give the left vertex and right vertex respectively of each edge.
As an example, the sequence of pairs ((1,4)(2,7)(3,5)(6,8)) represents the 8-one-
factor

— 7N ST e,

1 2 3 4 5 6 7 8

A k-diagram is a graph with two rows of k vertices each, one above the other, and
k edges such that each vertex is incident to precisely one edge. We draw k-diagrams
so that the edges remain inside the rectangle formed by the vertices and denote the set
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of all k-diagrams by 2;. We number the top vertices left to right by 1,2,...,% and
the bottom vertices left to right by 17,2,... k"
The unfolding map

u:@k—>@2k (2.1)
converts a k-diagram into a 2k-one-factor by relabeling and repositioning the vertices so

that the sequence (1/,2/,... k', k,(k—1),...,2,1) becomes (1,2,...,2k). As an example,
u((1,4')(2,1')(3,5)(4,6')(6,5')(2,3')) =((1,11)(2,3)(4,12)(5,7)(6,9)(8,10)),

123456
AKX — A s
o 12 345678 9101112

1/ 2’ 37 4’ 5' 67
This unfolding map is a combinatorial realization of the isomorphism Endy(V®*)—
(V®%)3; see Remark 2.13 below.

2.2. The Brauer algebra

Let x be a field of characteristic 0 and assume # € k. The product of two k-diagrams
dy and d, is obtained by placing d; above d, and identifying the vertices in the bottom
row of d; with the corresponding vertices in the top row of d;. The resulting graph
contains k paths and some number ¢ of closed loops. If 4 is the k-diagram with the
edges that are the paths in this graph but with the closed loops removed, then the
product dyd; is given by did, =n°d. For example, if

P S
d = / S% and d,= / 77 )
P Lanmman Y Lo

then

The Brauer algebra Bi(n) is the k-span of the k-diagrams. The k-linear extension
of the diagram multiplication makes Bi(x) into an associative x-algebra with identity
given by the diagram

12 3 (kD &k
B I
o2 3 k-1y k'

By convention By(n)=B8i(n)=«.
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The diagrams in B(n) which have all their edges connecting top vertices to bottom
vertices form a symmetric group S;. The elements

N ) LI iil
S,‘ = and ei = l [ [ l ’
o« . o .. e o e
1 <i < k—1, generate the Brauer algebra By(n). The following theorem is “oft-quoted”

(see for example {33]), but we are not aware of a proof in the literature. In the interests
of space we shall continue the tradition and not inciude a proof here either.

Theorem 2.2. The Brauer algebra Bi(n) has a presentation as an algebra by gener-
ators §1,82,...,8c—1,€1,€2,...,er—1 and relations

Si2:1, €i2:1’]€[, €;S; = 8;e; = ¢, 1 <i<k—1,

$i8; =8;8;, Si¢;=¢;8;, ¢€;e;j=¢eje, |i _]| > 1,

SiSiv18i =Sip18:Si41, €€y 1€ =€, €i11€i€i ] =€ir], 1<i<k-2,
8;€i11€; =Siy1€i, €i+1€;Siy1 = €i1+15i, 1<i<k-—2.

2.3. Some facts about braided rigid monoidal categories

Let € be a k-linear braided rigid monoidal category whose identity object we denote
by 1. The defining property of 1 is that there are natural isomorphisms V' ®1= ) =
1®V for all V € €. For simplicity, we assume that € is strict. Although everything we
do in this section works in complete generality for any k-linear braided rigid monoidal
category that is strict, the reader who prefers not to work with general categorical
language can just note that for the category of finite dimensional modules for a Lie
color algebra g, we have the following:

(2.3) Let ¥ be an object in €. The space of invariants in V is the k-vector space
defined by

V% =Homg(1,V).
(2.4) Every object ¥ € % has a dual, i.e. there is an object ¥'* in ¥ and morphisms
pry: 1=V ®V* and evy:V @V -1

The dual of V is unique up to isomorphism.
(2.5) If M and N are any two objects in €, then

(M RN 2N* @ M*;
in fact, this isomorphism can be explicitly seen using the canonical maps

id®pry, ®id
12 oM * 2 Me1eaM* — S MQNRN*@M*
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and

id®evy ®id
—

N*oM*@MaN N*@1oN2N*oN 25 1.

(2.6) There is an isomorphism of k-vector spaces

Homg(M,P ® N*) — Homg(M ® N, P)
Y- ¢ ’

where ¢ is the morphism defined by

MeN"PoN* N Y Pg12p.

The inverse map is
Homg(M ® N,P) — Homg(M,P®N™)
o —y ’
where y is given by
MMl MoNoN* Y2 poN*,
(2.7) If U and V are any two objects in %, then there is an isomorphism
Ryy UV —-VeU.
(2.8) If V' is an object in €, then the isomorphisms
Ri=id®"V @ (—Ryy) ®id®* Y
satisfy the properties
RR; =R;R; if |i —j|>2, RiRi 1R = Rip 1 RiRi. 2.9)

2.4. The braid group action on V®*

The relations in (2.9) imply that the R;’s afford a representation of the braid group on
V@ (see, for example, [10, Section 15.2A]). Note that since IéV,V is an isomorphism
in Homg(V®2,7®2), so is —Ry,y. The only reason that we are adjusting by a negative
sign is so that the R; will be the images of the Brauer algebra generators in the map
¥ which will be discussed in Theorem 2.16.

If 7 is a permutation in the symmetric group define

R’TL’ :éilﬁiz v 'ki,ﬁ

where m=s; s, - -, is a reduced expression of = (a reduced expression for m is a
product of simple reflections s; =(i,i + 1) with p as small as possible). Since the
relations in (2.9) hold, the map R, € Hom¢(¥®*, ¥®*) is independent of the choice
of reduced expression (see, for example, [8, Proposition 5, Ch. IV, Section 1, no. 5]).

If €Oy is a 2k-one-factor, say f =((£1,r1)t2,7r2) - (¢i, 1)) With 1 <tr< -+ <&,
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let n, be the permutation in the symmetric group Sy given by

pee (V2 R kL k2 2k
N R S N R -
Then define
R =Ry for f€ Uy and Ry=R,q for de %, (2.10)

where u: %, — Oy is the unfolding map of (2.1).
2.5. The maps @ and ¥

Let ¥ be an object of € such that ¥ = V™, Fix an isomorphism
F.y—=p*
in Homg (¥, V*). From (2.5) there is a natural isomorphism (¥ ®*)* 22 (V*)®* Let pr,
and év; be the compositions
pr, 122k @ (p@kyr T ok g (pryok
and
& (VF)PE @ POk 2, (pOhy* g ok e
Now define a map
@ : Oy — Homg (1, VE*) = (VO%)%
il 7
by letting ¢, be the composition

i @(F 1 Bk .
EE T peak R e 2.11)

@1 T ek g (% )k
Similarly, define a map
¥ : 9, — Home(V®*, V&),
d— ¥

by setting ¥; equal to the composite map

pr, @id®*
P, P gyeF L, kg (B pk

- @k — 1\ @k o : 1Dk
IdC " Q(F )¢ " ®id V®2k®V®k

Ry ®id®*
y®% g &k

id®* @ F®* @id®*
V®k ®(V*)®k ® V®k

1d®* @ev,
B —

Vot g1 ok, (2.12)
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The map @ associates an invariant @, in (V®*)? to each 2k-one-factor f. The map
¥ allows us to define an action of each k-diagram d on the vector space V% by
letting d act by the homomorphism ¥,.

Remark 2.13. The maps @ and ¥ are related. Indeed, ¥y is the image of (id®*QF & Yo
®,4) € Homg(1, V% @ (V¥ )*) under the isomorphism Home(1, V& @ (V&k)*)
Home (V' ®, ¥ ®) which is given by setting M =1 and N =P =V®* in (2.6).

2.6. The commuting action of the Brauer algebra on the spo(V,B)-module V*

Let G be a finite abelian group, f a symmetric bicharacter on G, V' a G-graded vector
space with a nondegenerate f-skew-symmetric bilinear form (,) and g=spo(¥, p).
There is a g-module isomorphism

F:V—-V¥
v {v,).

In this special case, we will compute the map ¥ from (2.12) explicitly.
Let B={v,...,uy} be a homogeneous basis of V, i.e. for each 1<i<N, v, €V
for some ¢; € G. Let {v',...,v"} be the dual basis in ¥*. Assume

FB:(Fi,j)lgi,jSN where <U,',Uj>:F,',j (214)

is the matrix of the form (,) with respect to the basis B. Sometimes we will write
F, ., instead of F;; as we have done in the previous section. Let FB"l = (FJI)I <ij<N
be the inverse of the matrix Fz. Then

N N
F(v)= Z F, o/ and F'(0/)= Z Fiilu. (2.15)

j=1 i=1

Let d be a k-diagram. Label the top vertices (left to right) with a sequence a = (ay,
as,...,ay) of basis elements a; € B and the bottom vertices (left to right) with a
sequence b= (by,ba,...,b;) of basis elements b, € B. Assign a weight to each edge
and each crossing of this labeled 4-diagram according to the following:

(1) If a horizontal edge (a,a’) on the top has a to the left of &’, assign the weight
Fao o toit.

(2) If a horizontal edge (b,b’) on the bottom has b to the left of &', weight it by
Fyp.

(3) Weight each vertical edge (a,b) by 8, (Kronecker delta),

(4) Weight each crossing by —f(#1,4), where ¢ is the label of a vertex adjacent
to the first edge, and #, is a vertex adjacent to the second edge in the crossing.
Of the four vertices adjacent to the two edges that cross, 4, and 4 should be
chosen to be the last two vertices (in order) when counting off the vertices in a
counterclockwise fashion beginning from the bottom left corner of the diagram.
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The weight of the labeled k-diagram, which we denote d, s, is the product of the
weights over all the edges and crossings. For example, the weight of the following
labeled 7-diagram

is the product (—1)°F;3Fy2F;, F; 4 81261362,4B(02,v3)B(v1, v3)B(va, v1 )2 B(va, v4) = 0.
We have adopted an abbreviated notation in displaying the weights of the edges so as
not to clutter the picture.

Theorem 2.16. Let G be a finite group and let f} be a symmetric bicharacter on G.
Assume V is a G-graded vector space with a f-skew-symmetric bilinear form {,).
Let g=spo(V, ) be the orthosymplectic Lie color algebra.

(a) The image of a k-diagram d € %y, under the map ¥ : 7, — Homy (V@ Vo)
Srom (2.12), is the homomorphism ¥, given explicitly by

(lll@"'@ak)'}/d: Z dg,éb1®"'®bk7

where d, p is the weight of the k-diagram d with top vertices labeled by ay,...,ax and
bottom vertices labeled by by, ...,by. (We have chosen to write ¥y as an operator on
the right so that (b) will hold)

(b) Let m=dim V) and n=dim V), where Vioy=3_ cq pccy=1Ve and Vi, =
Y e pie.cye—t Ve Then the map ¥ extends to a homomorphism

¥ : By(n — m)— Homg(V 2, @)
of algebras.
Proof. (a) In this setting the map pr, is given by

pr, 1 — V& @ (V*)8k

1— E Ul.l®..‘®vik®l71k®...®vll,
I<iy ik SN

which can be seen by induction using (2.5). One computes ¥, from the definition in
(2.12). The following sequence gives a representative pictorial example, but the general
case is done in exactly the same fashion. For brevity in the pictures we reduce the
notation even further and write i3 for v;, and i for the dual vector v".
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Let a; =v,, for i=1,2,3,4 and let us compute the action of ¥, for the diagram

L4
d=

on the element a1a;azas = Uy, Un, Uy, Un, € ¥'®4 (we omit the tensor symbols ® as another
space-saving device). Note that the image of the diagram 4 under the unfolding map
u of (2.1) is the one-factor

wd)= 7S AN~

Following the definition of ¥, as a composite map and using the fact that Iéy,y(l) Qw)=
—B(w,v)w ® v, we have

~ s 3@k
¢ o 0 o pr®id . 43 2
A Ay Ay A pe— Z Loy by 0 e a4 ay a

. -1.4 =1.3p0-1.2 1.1
L FOF 0V F0F e e oo a

Ll by iy

id®* @ (F)* ®id**

— NS Z hH L h
t >

fiplyly
R"®id®k i 1.4 @I 2 1.4 * ° d ¢
3 2 BT i L FTBFTPFT L F N ) ay gy a
iy lyyig iy
Bk L ®E L @k KK—\ =
" F "®id o 1|h3zh....
-1 B . . ~1.1 . .3, . .4
e e——— E =pFeNey 0 L FTi i i i Fy 0 a4, ay a,
Iplpls

-7 S
id ®eén,

2 -BF Wy

i),005, by

Z _lB(Ujl s v )F!:jll <Ui3’ U"4> <Ui2’ U"3><Uj4= U”2> <Ui4’ Up, >Fi4,f4 Uiy Ui, Uy, Uiy

i1,i2,13,14, /1, Ja
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= z wt Uy Uy U Uy

I fpoly P PO T

In doing these calculations it is helpful to note that deg(Fv;)=deg(v;)=deg(v')~' =
deg(F~'v)~".
(b) It follows from the definition of the weights of labeled diagrams that

. —1
(viyvi, )W = Fy E F 000,

JisJ2
and
(vi| viz)q{\‘: _ﬂ(viz’vh )vizvil (2'17)

for the case k =2 and the 2-diagrams

——
e= and s= .
—

For arbitrary £,

¥, =id®i-b RV, ®id®(kAi—1)
and

¥, =id® Ve v, @id® ¢,

where e; and s; are the generators of the Brauer algebra in Theorem 2.2. Given these
observations it is sufficient to check that ¥, and ¥, satisfy the relations in the statement
of Theorem 2.2, for i = 1. All of these relations are easily verified by direct calculation.
For example, the relation e? =(n — m)e; follows from the computation

2 —1 _
(Uilviz)lpel _F;I»il E U/IU/ZF/I,/Q E :Ell JzF/1 J2

£, Jisj2
_ E —I E . -
_F;'n,iz Uz, U/zF/,/2 ‘B(Ujv Uj, )F}z Ile,,/Z
1l Jisjz
11 i E L/1U/2 /I /1 E ﬂ(bl” sz ZED Jlel Ja
102

11 i ZU/IU/Z ‘, /2 Z ﬂ(vh’ v!z)ajz J2

484!
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. —1
=(n—m)F, ; § L’/lv/zF/.,/g
.12

= (v, v, X —m)¥e,.

In this argument the critical facts used are that F}, ;, = —f(v;,, v;, )F}, ;, and that F, ; #0
forces deg(v;,)=deg(v;,)”" so that B(v},,v;, )= PB(v;,, v, ) ' =P(vj,. v, ) =E1.

The relation ?’S%:id@‘ follows from the fact that S(i, ip)B(éi, 1) =1, since f is
symmetric. The relation ¥, ¥, =¥, ¥, = ¥,, can be derived from the same type of
easy calculations. One shows that

(vil Uig vi;) lI{Y] lI/Sz lI{S‘| = (vi| viz Ui}) lIISz lI{S‘[ lIIS’_v_
= (=B, i) =Pz, i) =P, i2))vi, vy, 03,
and the remainder of the relations are checked with similar calculations. O

2.7. spo(V, B)-invariants in VE*

We retain the setup and notation of Theorem 2.16. If f is a 2k-one-factor, let f}
denote the 2k-one-factor f with its vertices labeled (left to right) by the sequence
b=(by,...,b) of basis elements by,...,by € B. Assign a weight to each edge and
each crossing of the labeled one-factor f; as follows:

(a) Weight the edge (b,b') by beb],.

(b) Weight each crossing by —f(¢}, £2) where £ is the label of a vertex that is
adjacent to one of the edges, and /> is the label of a vertex that is adjacent to the
other vertex. Of the four vertices adjacent to the two edges that cross; /; and ¢, should
be chosen to be the last two vertices (in order) when counting off the vertices left to
right.

Given a one-factor fj, which is labeled by b= (b1,...,by ) define the weight wt(f})
of f, to be the product over all the weights of the crossings and edges. The proof of
the following proposition is exactly analogous to the proof of part (a) of Theorem 2.16.

Proposition 2.18. Retain the setup and notation of Theorem 2.16. The image of a
2k-one-factor f € Oy, under the map ®: Oy — (VOH)S from (2.11), is the invariant
by given explicitly by

&, =dbp(1)= Z Wt(f3)b1 @ -+ @ by,
by,...by €EB

where the sum is over all possible labelings b= (b, b,, ..., by ) of the one-factor f.

3. Maximal vectors in tensor space

Let b denote the diagonal matrices in spo(¥, f8) as in Section 1. An spo(¥, f)-module

M is said to have a weight space decomposition relative to h if M = @3 uehr My, where
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M, ={veM|hv=u(h) for all h€ b}. A vector v, in M is a maximal vector of weight
Aif g, v, =(0) and hvy = A(h)v, for all A€ b. In particular, the module ¥ is an irre-
ducible spo(V, f)-module with a unique (up to scalar multiple) maximal vector v, =1,
which has weight ¢. All the basis vectors in B={r,1],... . t,,t5 up,uf, ... ug,u’,
(uy.1)} are weight vectors with weights given by

wi(t) =& =—wt(t), i=1,....r,
wi(u;)=0;=—wt(u)), j=1,....s, (3.1
wt(ugr)=0 if n=2s+ 1.

If 1, ® --- ®u; is a simple tensor in V®F with v; € B for each i, then its weight is
just the sum of the weights of its factors.

In this section we construct maximal vectors of V®* using the elements s;, e; coming
from the Brauer algebra. The maximal vectors in ¥®* are often a help in locating its
irreducible summands. We begin with a few combinatorial preliminaries.

3.1. Young symmetrizers, contractions, and spo(V, B)-submodules of V©*

Suppose 4 is a partition of k. A standard tableau T of shape 4 is obtained by filling
in the frame of 4 with the elements of £ = {1,...,k} so that the entries increase across
the rows from left to right and down the columns. Let &7 (¢") denote the set of all
standard tableaux as A ranges over all the partitions of k. We associate two subgroups
in the symmetric group S; to each standard tableau T € &7 (X"). The first is the row
group Ry consisting of all permutations in S; which permute only the elements of 4"
within each row of T, while the second is the column group Cr of T or group of
permutations moving only the elements of " in each column. Then the element

st=| D sgnw | | Do) = Y sgn@reCS (32)
VERy 7€Cy l//€€§;

has the property that there is some A(4A)€ Z™ that only depends on the underlying
frame of T such that s% = h(A)s7 (see [49, Ch. 4, Section 2]). If yr = (1/h(4))sr, then
y% = yr so that yr is idempotent. We refer to yr as the symmetrizer determined by 7.
For each T € .7 (X") the space CS;yr is a minimal left ideal of the group algebra
CS; and CS; = EBTE,,_,,F(’,-)CS/( vr, (see, for example, [49, Ch. 4, Section 4]).

Starting at the left end of the first row and moving from left to right we compare the
entries of two standard tableaux 7; and T, of shape 4. If the first nonzero difference
Jj1 — ja2 is positive for corresponding entries j; in T} and j; in T3, then we say T >T>.
If all corresponding entries in the first row are equal, then we proceed to the second
row, etc. Thus, 71 > T, if j; > jo for the first pair of corresponding entries jj, j>» which
differ. With respect to this ordering, we have the following lemma.
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Lemma 3.3 (See, for example, [49, Theorem 4.3D]). Let T, T, € ST(A") be two
standard tableaux of the same shape. If T\ > T, then yr, yr, =0.

A partition A=(4,...,4,,0,...) - [ is said to be of (r,s)-hook shape if A, <s.
If & is a subset of " of cardinality /, then

HST, (L) E (T € FT(L)|T has an (r,s)-hook shape} (3.4)

is the set of all standard tableaux with entries in ¥ of shape 4 as A ranges over all
partitions of / that are (r,s)-hook shape.

Example. Suppose » =2 and s>2, and let A=(1%,2%,4)=(4,2,2,1,1) so that

Then A +F 10 is of (2,s)-hook shape since A, =2 <s. The standard tableau T ¢
HSF T, (L), where ¥ =1{1,2,4,6,7,8,9,10,11, 14}, depicted below,

1 6 11 14
2 8
T= 4 9
7
10

determines two subtableaux

@ _

TV = and T =

of shapes (4,2) and (3,1)=(2,1,1), respectively.

We have seen in Section 2 that the Brauer algebra B,(n — m) acts on V®*, and
its action commutes with that of spo(¥,ff) since it acts by spo(V, f)-module mor-
phisms. In particular, the diagrams 4 having all vertical edges form a subalgebra of
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Bi(n — m) isomorphic to the group algebra of S, and the resulting action of CS; on
V'® is by graded place permutations. We let ¢, , denote the transformation on V®*
determined by the diagram in By(n — m) with a horizontal edge connecting the pth
and gth nodes on both the top and bottom, and with every other top node connected
to the one directly below it. Thus, ¢p, .| corresponds to the element ¢, in Section 2.
We refer to the transformation ¢, , as a contraction mapping. Clearly, ¢, , = ¢, ,, and
we may suppose in working with contraction mappings that p<gq. If p={pi,..., p;}
and g = {q1,...,q;} are disjoint ordered subsets of £ ={1,...,k}, we set

Cp.g =Cprar " Cpjg; for j=1,..., |k/2], (3.5)

and we assume cy g is the identity diagram. Since the image C)_ 5 F," lv@w of e
(see (2.17)) on V®? is a one-dimensional trivial spo(¥, f)-module, we can draw the
following conclusion (in Proposition 3.6(a) below) that explains why these mappings
are termed contractions:

Proposition 3.6. (a) V®c, ,~V®* D for all p,q=1,....k with p#q.
(b) Let V® be the subspace of all vectors in V®* which are annihilated by all
contractions c, 4. Then Ve is an spo(V, B)-submodule and an Si-submodule of V©*.
(c) Let V®c, , be the subspace of all vectors in V®*c, , which are annihilated by
all contractions cs,, with s,t €(pUq)°* =X —(pUgq). Then Ve, . is an spo(V, ff)-
submodule (isomorphic to V®* =), j=|p|=|q|) which is invariant under the action
of the symmetric group S(pu gy. -

Proof. Since each c,, commutes with the action of spo(V,f), it determines an
spo(V, B)-module endomorphism on V¥, and V&, which is the intersection of the
kernels of the maps ¢, 4, is thus an spo(V, f)-submodule. Its invariance under the action
of Sy comes from the identity

07" Cp.g0 = Cotp)ate) (3.7)

which holds for all ¢ € S; and which can be verified in By(n — m) by just multiplying
the corresponding diagrams. Part (c) follows by combining (a) and (b). O

3.2. Construction and linear independence of maximal vectors

If p={pi,...,p;} and g={qi,...,q;} are disjoint ordered subsets of "' ={1,...,k},
let (p,9)={(p1,q1)...,(P)»q;)}, and denote by p(j) the set of all such (p,q). Assume

[k/2]
p={J »(i. (3.8)

j=0

Using the contractions ¢ P.q and the symmetrizers yr, we now construct maximal vectors
of V&,
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Theorem 3.9. Suppose 2= (4,.. ..) is an (r,s)-hook shape partifion of some
integer 1 such that k — 1=2j and 0 }< (/2] — L. Let A=Ay + - + Aty +
M0+ -+ AL O, denote the weight determined by i Assume ( g,_*)ep( §) and
fix T E%..‘?j’_,.s(( pPUQY) of shape ;. Let TV and T® be the corresponding sub-
tableaux of shapes 2V = (i1,.... 4, ) and 3P = (Qoqrseesir) = (o 1e s AL L), rEspec-
tively. Then 8=wr,, ,Cp o7 is a maximal vector in V®c, vr of weight i where
Wrpg =Wy -~ Wi IS the simple tensor defined by:

n ifiep,
15 if i€q,
4 if i€(pUq) and iis in jth row of T,
w; Iif ie(pUq) and iis in jth row of T,

W =

If n=2s and £(M¥) =35, then §° = WTp ‘
27,05 where wy. pa is the simple tensor obtained from wr, rq by replacing the factors

Cpy¥r is a maximal vector of weight 1° = A—

us with u.

Proof. Let w=wr, ;. First we observe that wc , is annihilated by all contractions hav-
ing both subscripts in ( pUg) because (v, v") =0 whenever v,t' € {f1,..., 1, U1,..., Uy
(us+1)}. Thus, wep, € Ve, g and O=wcpgyreV ®kcpgyr. We also observe that
the welght of @ is the same as the weight of w, which is /, since the weights of
v and v* sum to zero. Now wsgn(y)yy=w for y &Ry and y€ Cr if and only if
Y € Ryay and 7 € Ry, That assertion foliows from the fact that §(v,5) =1 for all ¢
and B(u;,u;)=—1 for all u;, and from the symmetric property of the bicharacter. There-
fore, when 6 is expressed as a linear combination of the basis tensors, the coefficient of
w in 6 equals #(1)~'| Ry |- | Rpe|. Thus, 80, To prove that 6 is a maximal vector,
it suffices to show that it is annihilated by each of root vectors x; in (1.12). Since
the image of a contraction is a trivial spo(V, f)-module, the sum of the terms with x;
acting on a pair of contracted slots is zero. Thus, x; annihilates we, 4 or produces a
sum of tensors which are obtained by applying x; to a noncontracted factor, Each of
those tensors has one factor in (pUg)° whose subscript has been lowered by one or
a factor u; which has been chan&d to t.. For such tensors, cach of them denoted by
v, we argue that vyr ==0,

First consider the case that ¢ has been changed to . for 1 <i<# or that u; has
been changed to f,.. Suppose Y € Ry. Then there exists {ab) € Cr which permutes two
factors of vy which are the same ¢; such that vy(ab)= —v{ (see (2.17)). Then

D sgn() gy =Y sgn()e)ably=—"3_ sgn(¥)(vy)y.
yECT y€Cy YECT
Thus, we have Z.},EC? sgr{y (v )y =0 for each ¥ € Ry and vyr =0.
Now consider the case that u; has been changed to u;..;. Then there exists (ab) € Ry
permuting two factors of v which are the same u; such that v(ad)=1v (see (2.17)). As
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a result,

> sgn(hyoy = > sgn((ab))sgn(y)(w(ab) =~ sgn(y ).

YERT YERY YERT

Therefore, ZweRr sgn(y vy =0, and vyr =0. Thus, for all such v we have vyr =0,

and consequently x; (wcp qy,v) = (Yjwcp q)y, =0.

If n=2s and /(/1(2))~s then the same argument as above proves that 0° is a
maximal vector of weight A —24/, J; since in this case x; for all j£r+s—1,r+s
acts on w° exactly as it acted on w. The action of x,,;_| is zero since all the factors u,
have been transformed to u;", while the action of x,,; on w® produces a sum of tensors
each of which has one u;" factor changed to u,_(. Consequently, 0° is a maximal vector
as claimed. O

Now consider V®*c, , where (p,q) € p(|k/2]). When k is even, V®*c, , is the triv-
ial spo(V, f)-module k =1, and when & is odd, it is isomorphic to V. If k is odd, then
Texs7,((pUg)°) consists of a single box with a number in it so that yy=id.
When & is even, then (pUq)X =0, T=0, and we set yp=id. Let WIpg = Wi
wy be the simple tensor prescribed by Theorem 3.9 in these cases. Then wrpqcpqvr
is a maximal vector of weight 0 when & is even, and wr,p4Cpqyr is a maximal vec-
tor of weight ¢, when k is odd. Moreover, V®kcpq is generated by WT,p.gCp.g VT To
summarize we have: o

Corollary 3.10. For (p,q) € p(|k/2])

yok. o Kk if k is even,
C =
£ V if kis odd,

®k
and wr p.qCp.q VT IS 4 maximal vector of V Cpq of weight 0 when k is even and of

weight e, when k is odd, where wr,p , is as in “Theorem 3.9.

Now we show that the maximal vectors constructed above are linearly independent
if the rank of the algebra spo(V, ) is sufficiently large. Suppose r+s>k and s> 2.
Assume A=(2y,...,4,,0,...) is an (r,s)-hook shape partition of [ for some 0 </ <k
and let A" and A®) be the associated subpartitions. We argue that in this case
f(AP)<s. Indeed, if /(A*)=s, then since 4, >/(A?)=s,|2|=| D]+ |i@]| >
rs +s > r +s > k. This contradicts the fact that A partitions / < k. Thus, when r + 5>k,
we need only work with the maximal vectors of the form wy,p 4Cpq¥7.

Theorem 3.11. Suppose that r +s>k. Then

Wrpacpgyr [ (p@)EP, TEHXS T, ((PUG)}

is a linearly independent set of maximal vectors.
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Proof. Vectors corresponding to different numbers of contractions are linearly inde-
pendent because those vectors have different weights. As the weight is determined by
the shape of the tableau T, vectors corresponding to tableaux with different shapes are
linearly independent. Thus, it suffices to consider the (p,q)’s in p(;) for some fixed
value of j, and the tableaux T of a fixed shape 4. Suppﬂos—e

> > a7.pgWp.gpa¥7 =0,

(P.9)ER) TEX ST ((pUGK)

where the sum is taken over all the tableaux 7 € # %7, ((pUgq)°) of some given
shape A=(4},...,4£,0,...), which is an (r,s)-hook shape parﬁtio?l We suppose that
M=, 4) and AP =gy, AY =(A4s. .., AL,,) are the partitions deter-
mined by A, and let £ =/(A") and /; =/(A»). Among the simple tensors involved
in the expression for a fixed wr 4cp 4 there is a unique tensor (7, , matching the
following description: T o

First when £, = 0, the sequence of positions p1,qi, p2.92,..., pj»4; in {154 contains
the first 2/ terms of the sequence o

t/|+17t2+15tl|+2’t;:+27""tr’t;k9ul’u;k"”’usa u;k'
Note there are sufficiently many vectors to make this work since r+s—j>k—j>
k—2j=1|}>¢ implies r +s— 7 >j. Similarly when /> #0, then the sequence of
positions pi,41, p2,42,-.-, pj,q; in {1, 4 contains the first 2j terms of the sequence

* * *
u/z+lvu(2+17 Usy42, u{2+2, cee U U

and there are enough vectors in this case since r+s—j>k—j>k—-2j=|A >+
{>=r+{; so that s — > > j. Then it follows that

Z Z a1,p.4{7,p.g¥7 =0,

(P.9EPG) TES T (pUGY)

where the sum is over 7 of shape 1. The simple tensors in the above corresponding
to different choices of (p,q) are linearly independent, for the positions of the factors
lyny+ and t;f( Ay OF Uy and uf( soy4; are sufficient to distinguish them. Thus,
for any (p,g) € p(j),
> arpglrpgyr=0. (3.12)
Tex#%7,((pUg))

If some coefficient in (3.12) is nonzero, then since the sum is over tableaux of the
same shape, we may choose 7”7 minimal in the order with the property that ar/ P-4 #0.
By Lemma 3.3, 7> T’ implies that yryr =0. Thus applying y7/ to (3.12), we obtain

0= aT’,p,qCT',p,qJ’T’J’T’ = aT"p,qCT’,p,qJ’T’-

Since the vector {7/, p.q appears in CT’pqu/ with coefficient equal to h(1)~'.
|Rzun| - |Ryny| as we discussed in the proof of Theorem 3.9, {1/,pqy1 #0. Hence,
no such 7’ exists, and ar,, =0 for all T and all (p,q). O
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4. The spo(V, p)-modules T* and their characters
4.1. Definition of the modules T*

Let spo(¥, ) be the orthosymplectic Lie color algebra and assume that m = dim V(g
and n=dim V). Recall that by Theorem 2.16 there is an action (which we write on
the right) of the Brauer algebra By(n —m) on V®* which commutes with the action
of spo(V, f) on V®*. For convenience we write wd rather than w¥; for the action of
the element d € By(n —m) on w € V&,

Suppose that {n — m|>k. Then by the work of Wenzl [48] we know that the Brauer
algebra Bi(n —m) is semisimple and has simple summands indexed by the partitions
in the set

Bi={iFk—2h|h=0,1,..., k/2]}.
More specifically, there are positive integers d;, iefi’k, and an isomorphism
I':Bi(n—m)— P My (%),
AGEk

where My, (x) denotes the full matrix algebra of d; x d; matrices with entries in k.
For each A€ By, and 1 <P, Q<d,, let E;;,Q denote the matrix unit in the Ath block
of QB/.. €5, My (x) which has a 1 as the (P,Q) entry and zeros everywhere else. Let

e o=1""(E} ) and define
™" = Vel o (4.1)

where 1’ denotes the partition conjugate to A, and the action of By(n—m) on V&
is as given in Theorem 2.16. Then T is a g-module since the action of g on V'®*
commutes with the action of e,é’Q € By(n — m); however, the module 7% may be (0).

Proposition 4.2. If |n—m|>k, then the following hold:
(a) The g-module T* is well-defined (up to g-module isomorphism it does not depend
on the choice of P and Q).
(b) As modules for g x By(n —m),

vet= (O 1" 9B, = P ' @By
i€B; i€B;

where B; is the irreducible Bi(n —m)-module labelled by A for each A € By

Proof. We shall only sketch the proof of this standard result.
(a) The map

A p®k A Rk A
ens Voepg = V:eps

A A A A A
wepo — Wep e s =(WepR)er.s
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is a g-module isomorphism with inverse given by
bRk, @k i
eS,Q.V eR’S -V eP‘Q
i b Aoy,
Wegs — weg e o= (weg plep o

(b) For each 4 €By, the irreducible Bi(n —m)-module B, has a basis {eé |1<
0 <d,}, and the action of Bi(n —m) on this space is given by

O ;
€0¢r.s = 04u00.R €S-

Note that since 1=}, B ZISQS 4 €0.0 We may write

P =Y Y peie,

i€B, 1<0<d;

For convenience, let us fix a particular index, say P =1, for each }telA?k and set
T = V®kef“’1. Now one can check that the maps

. k_ k2
O:P, T @B, — V=33,V
wef'"1 ®eé - we{:,Q:(we{l,Q)eé’Q € V®keé’g
and
V=Y Ve — D, T ®B;

w=>_, Zgweé,g = 22, 20w eé,l Jei | ® eé

are g X By(n —m)-module homomorphisms which are inverses of each other. O

4.2. Characters of the Brauer algebra

If di is an m;-diagram and d, is an m,-diagram, then d) ® d, is the (m| +my)-
diagram obtained by placing d| to the right of d;. Let e denote the 2-diagram

€= , 4.3)

ym

i
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For a partition p=(pu1, g2, .-, fie), let y =7y, @y, ® -+ @y, We have the following
results from [38].

Theorem 4.4. (a) If n#0, then any character of the Brauer algebra Bi(n) is com-
pletely determined by its values on the elements ¢® @7y, for j=0,1,...,|k/2| and
uEk—2j.

(b) Assume that k CC so that ne€C. If n&Z or if n€Z and |y} >k, then the
irreducible characters of Bi(n),

o Be(m) = &,

which are indexed by the partitions i in the set Ek:{il—k—Zh[h =0,1,...,
|k/2)}, are given by

Xf}k(ﬂ)(e@)j ®y#):nj Z ( Z CX,") Xg'k—zi(‘u)’

vD/. \ feven

where ngﬁz,( 1) denotes the irreducible character of the symmetric group Si_»; labelled
by vi-k —2j evaluated at the conjugacy class indexed by ptk —2j, and cj 4 is the
Littlewood—Richardson coefficient (see (4.9) below), and the inner sum is over all
partitions 0 with even parts.

4.3. Weighted traces
Assume that the basis B=ByUB; of V is as in (1.8). Let {z,}scp be a set of
commuting variables indexed by the elements of B such that
zp-=z; ' forallbeB (4.5)
(in particular, z,,,,=1). Define an operator D on V'®* by
Db @b ® - @b)=zp2p, 25, (b1 R ® - - @ by)

for by,ba,...,b €B, or simply D(b; - - by)=zp,zp, - - - zp, (b1 - - - bi) deleting the tensor
symbols. Since (by a brute force check) D commutes with the action of the generators
e and s;, 1 <i<k—1 of the Brauer algebra, it follows that D commutes with the
action of the Brauer algebra B;(n —m) on V®*. Using D we define the weighted trace
of d € By(n—m) by

wir(d) =Trye:(dD). 4.6)
Lemma 4.7. (a) If d is a k-diagram, then

wtr(d) = E Zp, Zp, - * -Zbkdégé,
b1,ba,...by €B

where b= (b,ba,...,by) and dy  denotes the weight of the diagram d labeled on the
top by b,...,by €B and on the bottom also by b,...,b;.
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(b) The map wtr is a trace on By(n—m), ie., wir(didy)=wtr(drdy), for all
d\,d> € By(n—m).
(¢c) If di is a k-diagram and d, is an /-diagram then

wir(d) ® dp) = wir(dy)wir (7).
(d) If d € By(n —m) then

Wir(d) =" ¥fyn— m(d)char(T?),

iEB;

where X;};(n—m) denotes the irreducible character of By(n —m) indexed by €By and
char(T*) = Tr7:.(D).

Proof. (a) This is a direct consequence of the definition of the weighted trace.
(b) Since the actions of D and B;(r —m) commute on V@ it follows that

witr(didz) = Tr(d1daD) = Tr(dy Dd, ) = Tr(dpd D) = wir(dyd) ).
(c¢) This comes from (a) and the fact that if b,...,bg,bx+1,. .., bk € B, then
D(by - bibiyr - br) = (D(by - b)) (D(bg+1 -+ biyr))
and
(br - brbgsr - b )(d1 @da) = ((by -+ b )dy ) (b1 - - - busr Yo

(d) Tt is clear that 7* is also invariant under the action of D as the actions of D and
the Brauer algebra Bi(n — m) commute. Thus, all the statements of Proposition 4.2(b)
hold with D in place of g. By taking the trace of the operator dD on each side of the
isomorphism in Proposition 4.2(b) (with g replaced by D) we have that

wir(d)=Trye«(dD) =Y  Trg, (d)Tr7.(D)
i€B;
=" thn—m(d)echar(T?). O
i€By
In view of Lemma 4.7(c) and Theorem 4.4(b), it is sufficient to compute the

weighted traces wtr(d) when d is a k-diagram of the form ¥ ®y,. This is done
in the following lemma.

Lemma 4.8. Let pu=(p,p,..., 1) be a partition of k—2j for some je{0,1,...,
|k/2]}. Let €®/ ®7, be the k-diagram coming from (4.3). For each positive integer
¢ suppose

P2D)=> 7= > (-1Yz

bE B, bE By
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and let

PA2)=D,(2)- D2
Then
wir(e™ @3, = (n —m)' P, (2).
Proof. From the definition of the labeled diagrams and the properties of the matrices
Fp and FBTI in (1.9a) and (1.9b) we see that
—1 if b =bycBy,
ehQ:Ff;’lszbhbzz 1 ibe:bQEBl,
0 otherwise,

where b= (b1, by). If b=(b1,ba,...,b;) then

/—1 _1/—1 b,b/_l .fb:'b,b,.._,b,
("I’/')Q,é:Hébl_’le(_B(b/’bi)): {( ) B( ) ib=( )

v 0 otherwise.

Consequently, we have

wir(e) = Z Zp ZbCh b = Z (= Dzpzpe + Z ZpZp

b b €B he By hEB,
SIS SRR
be By be B
/ /—1 /
wir(p)= > (="' + > 2.
be By be B

The result now follows since by Lemma 4.7(¢c) we have that

wir(e® @y, ) =wtr(e) wir(y, IWtr(y,, ) - - - wir(yy, ). O
4.4. Symmetric functions and a combinatorial description of char(T*)

We adopt the notation for partitions and symmetric functions found in [32]. Let us
begin by recalling a few definitions.

Suppose Y ={yi,...,y,} is a set of commuting variables ordered by y; <y;<
-+« < g, and assume A and p are partitions such that uC A. A column-strict tableau
of shape A/u is a filling of the boxes in the Ferrers diagram of A/u with y;’s such that
the y,’s are weakly increasing (left to right) across the rows and are strictly increasing
down the columns. Associated to a column-strict tableau T of shape A/u is the mono-
mial y7, which is the product over all boxes of i/u of the elements y; in the boxes.
The skew Schur function is the sum

S/'./u( Y)= Z yT,
T
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over all column-strict tableaux 7T of shape A/u. The (ordinary) Schur functions s;(Y)
is just the skew Schur functions s;/,(Y) in the special case that u= 0. The Littlewood-
Richardson coefficient is the nonnegative integer clf", defined by

su(V)s(Y) = clysi(Y). (4.9)
]
The Littlewood—Richardson coefficients exhibit certain symmetries such as
i
oy = Cr 1+ (4.10)

It is a standard fact that the skew Schur functions can be written in terms of the
ordinary Schur functions via the relation

si(Y)=>_chs(Y). 4.11)

A partition p can be specified by its Frobenius notation p=(q1,....qp|71,...,7)
where the main diagonal of p consists of p boxes (i,i), 1 <i< p, and there are g,
boxes to the right of (i, i) in the ith row and r; boxes below (i,7) in the ith column.
When p partitions k, it is customary to write [p| = k. We have the following identities
involving Schur functions (see [32, pp. 77-79]):

[T a-yyp=> (=DFis,1), (4.12)
1<i<j<q P
where the sum is over all partitions of the form p=(ri +1,...,,+1]r,...,1), 1 <
g — 1, in Frobenius notation;
IT =y => (~1)"sy(y), (4.13)
1<i<j<q n
summed over the partitions w=(r; —~1,...,7, ~ 1 |r|,...,rp), r; < g—1, in Frobenius
notation; and
[T a=yyp™'=> se¥), (4.14)
1<i<j<q 6 even

where the sum is over all partitions 0 with even length rows (all parts even). By using
the above identities one can easily prove the following.

Proposition 4.15

Z (Z(—l)'f"/ZCE,p) ( Z c/vw) =87 1 (4.16)

v p 0 even

where the sums over p and 0 are as in (4.12) and (4.14), respectively.
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Proof. By using (4.12), (4.14), and (4.9) to expand, we get

s(Vy=su¥) [ a=»yp™ T a-»p

1<i<j<q 1<i<j<q

=3 sy < > csi,e) <Z(—1)'P‘/’2c;p>
T v 6 even P

and by comparing coefficients of the Schur functions on each side, we get identity
4.16). O

Let us recall the definition of the hook Schur functions given in [6, 45], which
describe the characters of the irreducible gl(¥,§)-modules appearing in ¥®* when
G=17,, and f(a,b)=(—1)*; that is, for the general linear superalgebra. Order the
variables z,, b€ B=ByU B, by

2y <zpr < cer <2, <2y <2y <Zyp <o <2y, <Zyy <(zy,,, )-

A bitableau of shape A is a filling of the Ferrers diagram of A with elements of B
such that:

(1) the portion of the diagram filled with z,’s is the diagram of a partition u C 4,

(2) the z,’s are weakly increasing (left to right) along rows and strictly increasing
down columns,

(3) the z,’s are weakly increasing down the columns and strictly increasing left to
right across the rows.

If T is a bitableau of shape 4, then z7 is the product over all boxes of 4 of the
elements z; in the boxes, and the hook Schur function (see [32, Ch. I, § 3, Example
23-24 and Ch. I, § 5, Example 23]), is given by

si(Z)= ZZT,
T

where the sum is over all bitableaux of shape 4.
The hook Schur functions satisfy the following identities (see [32, Ch. I (4.3), (4.3"),
(7.7) and § 3, Example 23]):

[loes [T=1(1+255)

. ’ 4.17
;sl( )$:(Y) [lyes T (1= 25)) o
. [lses Hj:l(l 2y
. 0 , 4.18
;s_( )s:(Y) Toes, ?:1(1 —ZpY;) ( )

where s5;(Y) denotes the ordinary Schur function in the variables yi,...,y,. If AFk,
then

sHZ)=Y LW, 2, (4.19)

-k [
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where (i) xf;‘(u) denotes the irreducible character of the symmetric group indexed
by the partition Ak evaluated at the conjugacy class labeled by the partition utk,
(ii) 3, is the cardinality of the centralizer of an element of cycle type u in S, and
(i) p,(Z) is the function which is defined by

pA2)=> 2= (~1Vz, and pu2)=pu(2)--- pu(2).
be By beB,

The functions ﬁu(ZN) defined in Lemma 4.8 satisfy ﬁ,(Z):(—l)/(—p/(Z)) for
all />0, and P,(2)= [[,(~1)*(— pu(Z))=(=1""Wp(Z), for a partition p- k.
Then (4.19) and the fact that ng(p):(—l)"“/(“)xg(p) (see for example, [32, Ch. I,
§ 7, Example 2]) gives

w)=Y B85 2 (4.20)
u-k o OH

Let Zo={z;|beBy} be ordered as in the definition of the hook Schur function.
A symplectic tableau of shape 1 is a filling of the boxes in the Ferrers diagram of A
with z,’s, b€ By, such that:

(1) the z,’s are weakly increasing (left to right) along rows and strictly increasing
down columns,

(2) the elements z, and z,» never appear in a row with number greater than 7.
Associated to a symplectic tableau T of shape 4 is the product z” of all the elements
zp, in the boxes of 4. The symplectic Schur function is defined by

spilZo)=>_ 2", (4.21)
T

where the sum is over all symplectic tableaux 7 of shape /.
Assume g =Card(Y) is sufficiently large, i.c. ¢ >>r, and define functions sc;i(Zy) by
the identity

1
ZSC;'(ZO Jsilh) = HbeBo Hj{il(l T

/.

) IT a-»m. (4.22)

1<i<j<q

When 4 is a partition such that /(1) < r, then sc;(Zy) =sp.i(Zy) and these polynomials
are the characters of the symplectic group Sp(2#) and its Lie algebra sp(2r). The
combinatorics of these functions is discussed in [46].

Analogously suppose Z, = {z; | b€ B} and assume g > s. Define functions sb,(Z;)
by the identity

1
> sbi(Zy)si(Y)= ) II a-yy. (4.23)

q — .
; Hh€B| j:l(l ZbYi 1<i< j<q

When Card(B)) is odd and 4 is a partition such that /(1) < s, then the polynomials
sb;(Z) describe the characters of the orthogonal group SO(2s -+ 1) and its Lie algebra
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so(2s +1). In this special case these functions have a combinatorial description similar
to that of the symplectic Schur functions (see, for example, [47]).

Theorem 4.24. Let 7 be the set of variables {zy} indexed by the elements be B=
ByUB) and let Y = yy,..., y, be an auxiliary set of variables such that q>> r,s. Then
the following identities give equivalent definitions of polynomials sc;(Z):

(a) sc;.(z"):Z(Z( D2 )s;,(Z)

pCi N\ =

where su(Z~ ) denotes the hook Schur function labeled by u, and cf;,,[ is the Littlewood-
Richardson coefficient. The inner sum is over all partitions of the form mn=
(ri = L...,rp = 1|r,...,1rp), r £ q— 1, in Frobenius notation.

®)  sciZ)= ) (Z(—l)ﬂ'”cﬁ,}) su(Z),
tC A p

where the inner sum is over all partitions of the form p=(ri+1,....rp+1|r,...,rp),
ri < g — 1, in Frobenius notation.

HbeB.Hj:1(1+ZbyJ H (1= yiy;)
iV

(Z)si(Y)=
(c) ;sc.( )s:(Y) Moo T (25

1<i<j<q

j=1(1+26))
HbGBOH - el H (1= yiy

Thes 1T =220 | G,

@ Y sei@)su(Y)=

(e) sei(Z)= % det(h;,,—i—j+2(z~) + h).,—i+j(Z~))’

where h/(Z):s(/)(Z), and (£) is the partition of £ with just one part.

((€;~{-i—j+2(z~) - e).;—i—j(Z)) >

f sc(Z) =1 det . N
D seAz) =5 e + (i) — e—isj-a(2))

where e/(Z):s(V)(Z), and (1) is the partition of ¢ with all parts equal to 1.
(8)  sci(Z)=det(ey_i (Z) — er—i—i(Z)),

()  seiZ)= seu(Zo)siw(Z),
HCz
where s;,0(Z)) is the skew Schur function in the variables zy, b€ B).
(i) sci@)=">_sbu(Z1)syu(Zo),
nCa

where s;,,(Zy) is the skew Schur function in the variables zp, b € By.
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Proof. Let us begin by proving (a) < (b), which follows from the calculation,

sc;.(Z)—Z (Z( D2 ) su(Z) = Z (Z( DF e, ) su(Z)
= Z (Z(—l)""/2 el ) sdZ)="Y" ( Z(—l)'*"/zcﬁ:’p> sv(Z).
T P
Next we prove (c) using (a):

Y sci@ysi(¥) =Y (Z(—l)'“'/zc;’;,n> su(Z)s,(Y)

it

=Y (D)) (-DI2ef si(Y)
u /T

= Y sul@s(N) Y (=1 sn(¥) by (4.9),
U T

= (Zsu(Z)su(Y)> II -y by (4.13),
u

1<i<j<q

_ HbEBl HZ:I(] +Zlﬂ H (
[Tses, IT-1(1 —25y;) 1<i<j<q

I
A
-3
\'.J

o]
~_

The proof of (d) using (b) is virtually thc same using (4.11) and (4.16).
Now let us argue that (c) implies (e): For each partition 2 =(4y,...,4;), Al >4, > -
> 4,20 define

a345(Y) = det(y/ "),

where the matrix (y,viﬁq_j) is ¢ x g. Then as(Y)= H1<i<j<q(yi — ¥;), and the Schur
function s;(Y) can be written as

a315(Y)

sl ==

(I31, Ch. L, § 3.]). Let us write p*+0 = }*7~ typram? y[j'". If £(Y)is any symmetric
function in the variables yi,..., y,, then the coefﬁcwnt of 5;(Y) in the expansion of
J(Y) in terms of Schur functions is given by

LS (M)]s.ry=[F(Y)as(Y )]s
Thus,

selZ) = [Z seiZ)si( Y)}
A

(Y
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= > " seaZ)si(Y)as(¥)

5 -Hbeg, H?:](l +ZbJ’j)
2)= -y [Toi-m|
sci(Z) Thes, H?:](l_zbJ’j)g( yyj)g(y y,)yM

where
T =i [T =3 =TT 01 = 300 = yiyp)

i<j i<j i<j
=11 (G437 = G+ 37 Hriw)

i<j

=(y1 - yg) et ((y; + y7 @)
= %(y} T .Vq)q_l det (yl.j_l 4 yi_(j_l)>
= det (77 +317).

Now from (4.17) we see that

1 i > 7 ;
[Tpes, (1 +231) = ZS;L(Z)SA(yi): Z s Z)sir(yi) = Zh,(Z)yi’.

[Tpes, (1 — zo¥1) >0 r>0

Thus, we obtain

> h(2)y;

sexZ)= | hdet (177 +5f7)
i=1 \ r>0

q
i=
y1+6

=Ldet| [ ST m(@) T4y

r>0 y’{:ﬁq-i

= 1 det (hy,—i—j+22) + hy—i1 (2)) -

Identity (f) is gotten from (d) by a similar argument.

To show (f) implies (g), add columns j—2, j—4, j—6,... to column j for each j.
That is, add column 1 to column 3, add column 2 to column 4, add columns 1 and 3 to
column 5, add columns 2 and 4 to column 6 and so on. The result follows immediately.

To derive (h) from (c), just compare the coefficients of s;(Y) on both sides of the
following equation:

9 .
[lyes [Tj-101 +Zb}’1)) H(l — )

q FPRT
HbeBo j=l(1_‘byj i<j

> scuZysi(Y) =

= (Zscu(zo)sum) (st(zl)sv(Y)) by (4.22),
u v
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= (1) seuZy) > chsw(Z) by (49),
/ f v

=D siY) Y 5eu(Z0) D el sv(Zi) by (4.10),
A u v

=Y "5 sey(Zo)sy . (2)) by (4.11).
yau—y VL B [l
A U

Obtaining (i) from (d) just amounts to a similar argument comparing the coefficients
of s;(Y) on both sides of the following equation:

< [ses, I (1 +23))
Zsc,l/(Z)SA(Y) = —-0Eh : - ! H (I—yy) O
B [Tses, Hj=1( 7 1<i< j<q

Theorem 4.25. Assume |n —m|>k, and for A&k —2h, h=0,1,...,|k/2], let T* be
the spo(V, B)-module in (4.1). Let sc;(Z) be the function defined in Theorem 4.24
and let char(T*) be as defined in Lemma 4.7(d). Then

char(T*) =sc;(2).
Proof. Suppose p - k—2; for some j=0,1,...,|k/2|. Then by Lemmas 4.7(d) and 4.8,

n=mYBAD) =" thinm(€® ©yu)char(T?).
A€B;
Thus, it follows from Theorem 4.4 that

E,(Z): Z Z ( Z C}f/’g) xghzj(u)char(T’.').

ie’l?k 74 \fleven

By (4.20) and the orthogonality of characters for the symmetric group we have, for
vk =2/,

@)=Y Y3 (Z < 0) i ”(”)XS* B W5y ) iy

ukk—2j )EB n2i \ Qeven

— Z Z ( Z c;f,’0> char(Ti)é‘r',n

lEEk 724" \ feven

=3 ( > c;ji,(,) char(T*).

i E/B\k f@even
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Thus, by Theorem 4.24(b) and (4.16) it follows that

se2)= (Z( lel2e; >s'(2)

vt

= Z Z (Z( 1lel2ey ) ( c‘{,ﬂ) char(7*)
feven

/EB vCrt

= 8y ychar(T*),
for all partitions A+ &k — 2k, h=0,1,...,[k/2]. O

Remark 4.26. It follows immediately from the definition of the skew Schur functions,
the definition of sp;(Z,) in (4.21), and Theorem 4.24(h) that the functions sc;(Z) for
certain partitions A can be expressed as a sum over weights of tableaux which have a
symplectic part and a row-strict part. It is this interpretation which allows us to develop
an insertion scheme modelling these functions in the next section.

5. Tableaux and an insertion scheme
5.1, Up-down tableaux and spo-tableaux

Fix positive integers » and n. An up-down tableau of length k and shape 7. is a
sequence of partitions A= (4% A',...,A¥) such that %= and A*=1 and, for each
i=1,...,k Al is obtained from A"~} by either adding or removing a box. An up-down
(r,n)-tableau is an up-down tableau A= (P =21%1',..., ¥ =21) of length k and shape
4 such that each A’ is an (r,n)-hook shape partition, that is, A g SnIf %=1 is the
final shape, then Ak — 2k for some 0 < & < [k/2].

Example. When k=7,

A: ¢1 ’ﬂy L] ] Ll s

is an up-down (r,n)-tableau of shape A=(1,0,...) forall » > 1 and n > 1.

Let By={t;,{,...,t,,t"} and By ={v},...,v,} and let B=B,UB;. Here we do not
need to distinguish between n odd or » even and for that reason we do not use the
notation ul,u;",.‘.,us,u;",(usﬂ) for the elements of B; as we have done in previous
sections. Order B as follows:

B={t<tf<n<tf<- - <t,<ti<vy<-- <}
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Suppose m=2r and » are fixed. An spo(m,n)-tableau T of shape A (or simply an

spo-tableau for short) is a filling of the boxes in the Ferrers diagram of A with entries

from B such that

(spo.1) the subtableau S of T obtained by taking all the boxes with entries from By
is a column-strict tableau of partition shape (its entries are weakly increasing
from left to right across each row and are strictly increasing from top to
bottom down each column), and the entries in row i are > ¢; for each row in
S5

(sp0.2) the skew tableau 7/S is row-strict (its entries are strictly increasing from left
to right across each row and are weakly increasing from top to bottom down
each column).

In an spo(m, n)-tableau the entries in row # for i >r + 1 necessarily belong to By, and

since the skew tableau 7/S is row-strict, the underlying partition must be an (r, n)-hook

shape partition.

Example. Let

7 N SO T O P B O

54 24 v, vy
T=

L4

4

Then T is an spo(m,n)-tableau for all m > 8 and » > 4 where

t; tT t2 Uy Uy
LS 5 v, vy
8= and T/S=
Lol &
t4

Theorem 5.1. If T is an spo(m,n)-tableau, replace each entry by the corresponding
variable zy, as defined in (4.5) and let z7 be the product of the entries in the result.
Let sc;(Z) be the polynomial defined in Theorem 4.24. Then

Sc;h(ZN):: Z z7,
T
where the sum is over all the spo(m,n)-tableaux of shape 1.

Proof. Suppose T is an spo(m,n)-tableau, and let § denote the subtableau of T con-
taining the entries t;,t;",...,t,,t;" . Necessarily the number of rows in S is < r. When
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the entries t,,¢, i=1,...,r of S are replaced by the elements 24,2, then the result is
a symplectic tableau as defined just before Eq. (4.21). Likewise, if we substitute the
element z,, for the entry v;, j=1,...,n, in T/S and transpose the resulting tableau,
what is produced is a column-strict tableau. The result then follows from the definition
of the skew Schur function, (4.21), and Theorem 4.24(h). O

Assume ¥; is the set of words of length £ in the alphabet B, and % is the set of
pairs (7, A) consisting of an spo(m,n)-tableau T of shape 4 and an up-down (r,n)-
tableau A= (1% 4',..., %) of length k and shape A.

We shall prove in Theorem 5.5 that there is a bijection between %) and %. Ac-
complishing this requires introducing a few more definitions.

5.2, Punctured tableaux and the maps jeu and injeu

A punctured tableau is a tableau with exactly one empty box. A punctured spo-
tableau is a punctured tablean obtained from an spo-tableau by removing the entry
from exactly one box. If a partition 4 contains a box at position (i,j), and there is
no box at locations (i,j + 1) and (i + 1,5) in 2, then (i,j) is said to be a corner
of . When a punctured tableau has its empty box at a corner, we may identify the
punctured tableau with the tableau obtained by removing the empty box.

In Lemma 5.2 below we shall define operations se and nw on the set of punctured
spo-tableaux, but first we make the following definitions.

(i) ¢ is the set of punctured spo-tableaux whose empty box occurs at a corner.

(i) A4 is the set of punctured spo-tableaux whose empty box is in the first column,
and either the empty box is in the first row or the tableau obtained by switching the
empty box with its neighbor to the north (the one immediately above it) is not a
punctured spo-tableau.

Lemma 5.2 (Compare [5, Lemma 2]). Let T be a punctured spo-tableau.

(i) Suppose T & FE. Then there is a unique way of switching the empty box of
T either with its neighbor to the east (the box on its right) or with its neighbor to
the south (the box immediately below) so that the resulting tableau is a punctured
spo-tableau. We denote the resulting tableau by se(T).

(ii) Suppose T & NW'". Then there is a unique way of switching the empty box of
T either with its neighbor to the north or with its west neighbor (the box on its left)
so that the resulting tableau is a punctured spo-tableau. We denote this resulting
tableau by nw(T).

(ii) If T & FE, then nw(se(T))=T, and if T NW", then se(nw(T))=T.

Proof. Assume the neighbors of the empty box are as pictured below, where one or
more of the boxes with letters may be absent. (We are not necessarily displaying the
entire tableau rather just the neighbors of the empty box since they are all that matter
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in the argument.)

z d w

First consider the case that all the neighbors of the empty box are present. We note
that a <c since a < y < ¢, and at least one of the inequalities is strict. Similarly b<d
holds since b <z < d and at least one of the inequalities is strict.

To prove (i) consider the tableaux

X a y X a y
el)={ b | ¢ and s(M={ b | d | c
z d w z w

If c=d e By, then only s(T) can be an spo-tableau. If 4 is in row i of T, then

since T is an spo-tableau, d > ¢;>¢;_| so that condition (spo.1) is fulfilled in s(T). If

¢=d € By, then only e(T) is an spo-tableau. If ¢ >d, then only s(7T') is an spo-tableau,

while if ¢<d, then just e(T) is an spo-tableau. The tableau se(T) is s(T) or e(T),

whichever one is an spo-tableau. (Note se(7") should not be confused with s(e(T)).)
For (ii) consider the tableaux

X a y X y
w(T) = b c and n(T)=| b a c
z d w z d w

If b=ac By and b is in row i, then t; <b=a<d and only n(T) is an spo-tableau.
If b=aec By, then b=a<c, and w(T) is an spo-tableau but n(T) is not. When a>b,
then just n(7) is an spo-tableau, and when a<b, then only w(7T') is an spo-tableau.
The tableau nw(T') is either n(T') or w(7T'), whichever happens to be an spo-tableau.
To prove (iii) suppose that T¢ %€ and se(T)=s(T). By (ii) nw(s(T)) is either
n(s(T)) or w(s(T)) depending on which is an spo-tableau, and clearly n(s(T))=T is
an spo-tableau. Thus, nw(se(T)) =n(s(T))=T in this case. Similarly, if se(T)=e(T),
then nw(s(T))=w(e(T))=T. For T¢ A#", using (i) we see that se(nw(T))=T.
Finally, we note that when the empty box of 7 has only one of its neighbors to
the east or south, arguments similar to ones above can be used to show that se(T)
is obtained by switching the empty box with the available neighbor. Also, when the
empty box of T has just one of its northern or western neighbors aw(7) is obtained
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by switching the empty box with the available neighbor. In these cases, (iii) holds
similarly. [

Let € and A% be the sets of punctured spo-tableaux described just before
Lemma 5.2, and define maps jeu: A% — S& and injeu : ¥ — A% as follows:

(i) For TeAW, there is a least integer j > 1 such that applying se to T j times
gives a tableau in #&. Then jeu(T) ¥ (se)/(T).

(ii) For T € #&, there is a least integer i>1 such that (nw) (7)€ 4% . Then
injeu(T) & (mw)(T).

The following is an immediate consequence of Lemma 5.2.

Lemma 5.3. The map jeu is a bijection from /¥ to FE with inverse mapping injeu.

Example. The sequence below illustrates applying the mapping jeu to a tableau in
AW and ending with a tableau in ¥&:

t t, t, t t, t, 1 t, t, ty t, t,
t, | v, P2 A A ulon| o A A N
— —
Se se se
L U, Uy Uy 23 Uy %) Uy U,
U, U, Uy Uy

If we take the rightmost tableau in this sequence as the initial tableau and perform
nw successively, then the sequence moving from right to left corresponds to applying
injeu.

5.3. Insertion of a letter into an spo-tableau

Let 7 be an spo-tableau, and assume a € B. We define an algorithm consisting of a
sequence of steps which inserts a into 7 to yield a tableau (a — T).

(1) Start with b=a and i=j=1.

(2) If b€ By, then insert b into the ith row of T as follows: If there is an entry in
row i which is greater than b, then displace the leftmost such entry and insert b into
its box except in the following case. If b=¢; and there is an #* in the ith row, then
replace the leftmost £* in the row with #; and remove the entry in the (i, 1)-position
(which is necessarily an #;) making it an empty box. If there is no entry in the ith row
which is greater than b, then adjoin b to the end of the row.

If b€ B,, then insert b into the jth column as follows: If there is an entry in the
jth column which is greater than b, then displace the topmost such entry and insert b
into its position. If there is no entry in the jth column which is greater than b, then
adjoin b at the end of the column.
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(3) Set b equal to the displaced entry and change i to p+ 1 and j to ¢ + 1 where
(p,q) was the position of the displaced entry. Repeat step (2) until an entry is adjoined
to the end of a row or a column, or an empty box is created.

(4) Let (a — T be the result of steps (1)-(3). Set (a - T)=(a — TY if (a — T)
is a tableau, and (a — T)=jeu((a — T)") if (a — T) is a punctured tableau.

Lemma 5.4. Let T be an spo-tableau and assume a€B. Then (a— T) is an spo-
tableau.

Proof. The algorithm for insertion of a letter into an spo-tableau is just Berele’s inser-
tion algorithm (see [5, Lemma 4]) for the part of the tableau involving entries from By,
and it amounts to the usual Robinson-Schensted algorithm (see [40, Section 3.3], for
example) for the skew-tableau with entries from B;. Consequently, the result (a — T
1s either a tableau or a punctured tableau in A% . From Lemma 5.2 it is clear that
(a—T) is an spo-tableau provided we identify a punctured tabieau in ¢ with the
tableau obtained by removing its corner empty box. O

5.4. Insertion of a word into an spo-tableau

Recall that #; is the set of words of length £ in the alphabet B and
%, is the set of pairs (T, A) consisting of an spo(m,n)-tableau T of shape 4 and an
up-down (#,n)-tableau A= (2% 1',..., %) of length k and shape /.

For £ >0, define maps spo, : #; — %; inductively by

(i) spoy(w)=(,(0)), where w is the emptyword;

(ii) If w=w---w; is a word of length &k and spo,_,(w---ws_;)=(T*"},
(A%, AL,..., 21y, then spo,(w) = (T*,(i%4),...,i%)) where T* = (w; — T*~1) and A*
is the underlying partition of T*.

Theorem 5.5. The map spo, : Wy — %, is a bijection.

Proof. It is clear that spo,(w) € #; for each w € #}. Tc show that spo, is a bijection,
it is enough to find its inverse, and for that it suffices to find the inverse of the
step (w, —» T~1)=T7. Let A’~! and 4’ be the underlying partitions of 7~ and 77,
respectively. We present an algorithm to produce w, from A‘~', A/ and T7.

(1) (Initial step) If /’ is obtained from A“~! by adding a box, and if the entry in
the corresponding box of 77 is a, then delete the adjoined box from T* and apply (2)
below beginning with b =a.

If }/ is obtained from A"~! by removing a box, then consider the punctured spo-ta-
bleau in £ obtained by adding an empty box to 7 in the corresponding corner. Apply
injeu to obtain a punctured spo-tableau in A"% . The empty box is now in position
(i,1) for some i. Fill the empty box with an #;, and then change the last #; in row i to
an . Apply (2) below beginning with b= ¢; regarded as displaced from position (7, 1).

(2) (General step) Suppose that an entry b is displaced from the (i, j)-position of T7.

If b€ By, then from the (i — 1)st row of T/ remove the rightmost entry which is
smaller than » and put b in the empty box.
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If < B, then from the (j — 1)st column of 77 remove the bottommost entry which
is smaller than  and put b in the empty box.

Repeat this step until an entry in B, is displaced from the first row or an entry in
B, is displaced from the first column. That entry is wy.

This gives the desired inverse process, and hence completes the proof. O

We refer to the map spo, : #; — % as spo-insertion and the inverse described in
the proof of Theorem 5.5 as spo-deletion. We illustrate spo-insertion and spo-deletion
in the following example.

Example. Suppose r=4,n=4, and k=6. Then B= {1, <t <t <tf <t <ty<tj <
V) <v; <v3 <v4}. Consider the word w=12 16 t;" t vs £ of length 6. Then spo-insertion
for the word w is given by

i n
i | 2 3
T“ = m, T = U'_)_ . T = t2 T“2 N T = s
b
R | U, L 1o
5 6
jeu| b b 1= TA, T = , T =
L Uy L | s
Thus spo(w)=(T, A1) where T=1T% and A=
0’ » k] 2 k] A
To recover w from (7, A) we apply spo-deletion:
I | 4 L1y L | 1
T, = — — and wg=t,,
L, | U 0, U,
t |0
T,= = | &L | % | and w,=u,,
Uy
L i b Uy L | 0o
2
T,=1 14 U | — injeu — -
t2 I2 t2
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LA
T,= = | 5H | and w,=1},
5]
T,=| & U, | — | U; and w,=p,
T,=| | >0 and w =0,

Thus, we get w=v 24 tiv3t.

Corollary 5.6. For positive integers m=2r and n,

[k/2}
(m+n)": Z Z ud,(r,n) - spo,(m,n)

h=0 iHk—2h

where ud;(r,n) is the number of up-down (r,n)-tableaux of shape A, and spo;(m,n)
is the number of spo(m,n)-tableaux of shape A.

Proof. This is an immediate consequence of Theorem 5.5 by counting the number of
elements in the sets #; and %. O

Remark 5.7. By [48, 49], the dimension of the irreducible module B;, 1 € Ek ={ikk—
2h|h=0,1,...,|k/2|}, for the Brauer algebra By(n — m) is the number of up-down
tableaux of length & and shape A whenever |n — m|>k. This is also the number of
up-down tableaux of length &k and shape A’ whenever |n — m|>k. By Theorem 4.24,
char(T*) = sc;(Z). Thus, Theorem 5.5 gives an explicit bijection realizing the identity

V@k oy @ T)" ® B;/
2

from Proposition 4.2(b).
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